
Transonic Full Potential Equation

Used in the aircraft industry. Supercritical wing sections are thick.
FPE allows interference from adjoining components such as fuselage, nacelle
etc. to be modeled without assuming that such interference effects are small

The FPE in quasi-linear form 
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Here dy/dx is the slope of a characteristic line at a given point, and 
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M >1, the FPE is hyperbolic. 
M <1, no real characteristics exist, and the FPE is called elliptic. 
At sonic points, where M=1, only one characteristic exists, and the FPE is parabolic. 

In supersonic regions, equivalent expression is
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Note that the characteristic lines are symmetric about the velocity vector U, 
and not about the x- axis. You may recall that in the case of the TSD equation, 
the characteristic lines were symmetric with respect to the x- axis.

A simple shift of the x- derivatives upstream is no longer adequate.  



in general, both the x- and y- derivative terms must be properly shifted 
when solving the full potential equation, whether in the quasi-linear form 
or the divergence form. 

Divergence form of the full potential equation is
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Jameson's Rotated Difference Scheme

Jameson, J., Communications in Pure and Applied Mathematics, 
Vol. 27, 1974, pp 283-309) 

Quasi-linear form in a new Cartesian coordinate system s-n, 
where s is aligned with the flow direction, 
           n-axis is normal to it.
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Angle between the x- axis and s-
axis, equal to the flow angle θ is a
constant and is not a function of s.

s = x cos! + y sin !

n = ycos! " x sin !

and,

x = s cos! " nsin !

y = ssin ! + n cos!
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Derivatives
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Quasi-linear FPE becomes

Jameson: 
  Only terms that contribute to Φss need be shifted upstream, in the direction of the 
  flow vector, in supersonic regions. 
 
The term involving Φnn need not be shifted. 
Similar to the Murman-Cole scheme for the TSD equation 
where we shifted the Px derivative upstream, but modeled Qy using a symmetric, 
unshifted form.  

To apply Jameson's scheme, we need to

a) Identify the terms in the quasilinear form that contribute to Φss and Φnn

 b) Shift only the terms that contribute to  Φss, in the direction of the flow,
c) Collect the Φss and Φnn terms
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Terms that contribute to Φss and Φnn
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FPE can be written as



Rotated Differences

Consider subsonic flow,at grid point (i,j) on a uniform grid: 
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These finite difference expressions may be derived by expanding Φi,j 
about its neighbor points using a Taylor series.



The Φxx, Φxy and Φyy terms appearing within Φss must be shifted 
in the direction of the flow, while the terms appearing in Φnn 
must be symmetrically differenced 

Supersonic flow
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Extension of Jameson's Rotated Difference Scheme to Divergence Form 
of the Full Potential equation:

We note that the various derivatives of Φ  that constitute Φss 
may be expanded about the node (i,j).
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Divergence Form

“Retarded densities”, or biased densities. 
 - Physical densities, modified by a density gradient term. 
The factor µ is set to be zero in subsonic regions 
It reduces to our original divergence form. The factor µ is set to 1- 1/M2 
in supersonic regions. 



Numerical Solution of the Full Potential Equation 
for Lifting Transonic Flow over Airfoils:

Grid Generation 

A curvilinear grid is used, composed of two families of lines that are nearly
orthogonal to each other.
One of these lines belonging to one of these two families wraps around the airfoil.
Body-fitted grids may be generated around 2-D or 3-D configurations.

For isolated airfoils, grids may be generated using simple algebraic transformations.

The grids may be one of the following three kinds:
H- grids, where one family of grid lines resemble streamlines and flow around the
airfoil,
O- grids where one family of lines resemble deformed circles that wrap around the
airfoil, and
C- grids, where one family of lines resemble the letter C.



H- Gird over an isolated airfoil

Family I

Family II

H-grid over isolated airfoil



Coordinate Cut

(2,2)

(IMAX-1,JMAX)

(IMAX-1,2)

Transformation is purely numerical. There is no analytical relationship linking these
two planes.

Every grid point in the physical plane maps onto a unique point in the transformed
plane.

Transformation from physical plane to computational plane 
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ξx, ηx, ξy and ηy are known as the metrics of transformation 
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J is called the Jacobian of
transformation, and is
interpreted as the ratio of the
area of an infinitesimal element
surrounding the node (i,j) in the
(ξ,η) plane to the area of its
image in the  (x,y) plane.
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let us consider a very general equation
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F = ρu and G = ρv.
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Strong Conservative Form
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